We show that almost every Cayley graph Γ of an abelian group G of odd prime-power order has automorphism group as small as possible. Additionally, we show that almost every Cayley (di)graph Γ of an abelian group G of odd prime-power order that does not have automorphism group as small as possible is a normal Cayley (di)graph of G (that is, G L Aut(Γ)).
DRR's
In this section, we develop some elementary tools that will be needed for the main results. Additionally, as it will not take much extra work, we prove that almost every Cayley digraph of an abelian group of prime-power order is a DRR -a special case of a result of Godsil as mentioned above -for completeness. Definition 1.1. Let G be a group and S ⊂ G. We define the Cayley digraph of G with connection set S to be the digraph Γ = Γ(G, S) defined by V (Γ) = G and E(Γ) = {(g, gs) : s ∈ S, g ∈ G}. If S = S −1 , then Γ is a Cayley graph of G with connection set S. Note that G L = {x → gx : g ∈ G} ≤ Aut(Γ). Lemma 1.2. Let G be a group of finite order n and α ∈ Aut(G), α = 1. Then α has at most 3n/4 orbits in its natural action on G.
Proof. It is easy to see that the set of all fixed points of α forms a subgroup H of G. Then |H| ≤ n/2. As each orbit contained in G − H has order at least 2, we see that the number of orbits of α is at most |H| + |G − H|/2 = |H|/2 + |G|/2 ≤ 3n/4.
Similarly, we also have the following result. Lemma 1.3. Let G be a group of order p k , p a prime, and α ∈ Aut(G) such that |α| has order a power of p. Then α has at most 2p k−1 − p k−2 orbits.
Proof. As in the previous result, the set of all fixed points of α forms a subgroup H of G, and so |H| ≤ p k−1 . Also, as α has order a power of p, each orbit contained in G − H has order at least p. We see that the number of orbits of α is at most
We shall have need of the following result. Letting p be the smallest prime number such that p k ≥ x ≥ N , we see that p
Definition 1.6. For a group G, we define CayDi (G) to be the set of all Cayley digraphs of G, and DRR(G) to be the set of all Cayley digraphs of G which are digraphical regular representations of G. Similarly, we let Cay(G) be the set of all Cayley graphs of G, and GRR(G) to be the set of all Cayley graphs of G which are graphical regular representations of G. Theorem 1.7. Almost every digraph of an abelian group G of prime-power order p k is a DRR. More specifically,
Proof. Let G be an abelian group of order p k and Γ a Cayley digraph of G.
k , and so G L is contained in the center of its normalizer. By Burnside's Transfer Theorem [17, Theorem 7.4.3] , Aut(Γ) has a normal p-complement H. As H Aut(Γ), the orbits of H form a complete block system B of Aut(Γ), and as the size of an orbit of H divides |H|, we have that blocks of B consist of blocks of size relatively prime to p. As Γ has order p k , we see that B consists of p k blocks of size 1. Thus H = 1 and
We now provide an upper bound on the number of Cayley digraphs of G that are not DRR's of G, provided that p k ≥ N , where N is as given by Lemma 1.5. Let Γ be such a digraph. By the argument in the preceding paragraph, Corollary 4 .2B], we see that Aut(Γ) contains a nontrivial group automorphism α of G. By Lemma 1.2, α has at most 3p k /4 orbits, and as the connection set of Γ must consist of unions of orbits of α, we see that there are at most 2
Cayley digraphs of G whose automorphism group contains α. By Lemma 1. 
Normal Cayley Digraphs
In this section we consider the question of whether or not almost all Cayley digraphs of an abelian group of prime-power order are normal Cayley digraphs.
For a group G, we denote the set of all normal Cayley digraphs of G by N orCayDi(G). The set of all normal Cayley graphs of G will be denoted by N orCay(G).
Definition 2.2. Let G be an abelian group of prime-power order
We define the number of elementary divisors of G to be r, and say G is of rank r.
Note that H G G, and is the smallest normal subgroup of G that contains H. The following result is [10, Theorem 6.3] , and from it, we will obtain the main tool (Lemma 2.6) used for the rest of the work in this paper. Theorem 2.4. Let G ≤ S p k be transitive with an abelian Sylow p-subgroup P of rank t. If p > 2 t−1 , then P G is permutation isomorphic to a direct product of cyclic groups and doubly-transitive nonabelian simple groups with the canonical action, with the number of factors in the direct product equal to t. Definition 2.5. Let Ω be a set and G ≤ S Ω . Let G act on Ω × Ω by g(ω 1 , ω 2 ) = (g(ω 1 ), g(ω 2 )) for every g ∈ G and ω 1 , ω 2 ∈ Ω. We define the 2-closure of G, denoted G (2) , to be the largest subgroup of S Ω whose orbits on Ω × Ω are the same as G's.
is an orbital digraph of G, and it is straightforward to show that
Clearly the automorphism group of a graph or digraph is 2-closed. Lemma 2.6. Let k be a positive integer, and p a prime such that p > 2 k−1 . Let G ≤ S p k be transitive and 2-closed with Sylow p-subgroup P that is abelian. Then one of the following is true:
1. G has a normal Sylow p-subgroup, or 2. G contains a normal subgroup that is permutation isomorphic to S p × A, where A ≤ S p k−1 has an abelian Sylow p-subgroup.
, where t is the rank of P , we may apply Theorem 2.4. Then either the result follows or P G is permutation isomorphic to a direct product of cyclic groups and doubly-transitive nonabelian simple groups with the canonical action, with the number of factors in the direct product equal to t. As if H is doubly-transitive of degree n, then H (2) = S n and a regular group is 2-closed, by [19] (this result also appears in [7, Theorem 5 .1]), we have that (P G ) (2) ≤ G (2) = G is a direct product of cyclic groups and symmetric groups. If any of these symmetric groups are of composite degree, then clearly a Sylow p-subgroup of (P G ) (2) cannot be abelian, as a Sylow p-subgroup of S p i , i ≥ 2, is nonabelian. Thus G is a direct product of cyclic groups and symmetric groups of prime degree, and the result follows.
The following result counts the number of Cayley digraphs of G whose automorphism group does not contain a regular Sylow p-subgroup. That is, it counts the number of Cayley digraphs of an abelian group for which the previous result does not apply.
Lemma 2.7. Let G be an abelian group of prime-power order p k . Then there are at most
.2B], we conclude that Aut(Γ) contains an element α of order p that is also an element of Aut(G). By Lemma 1.3, we have that α has at most 2p k−1 − p k−2 orbits. As α ∈ Aut(Γ) if and only if the connection set of Γ is a union of orbits of α, we conclude that there are at most 2
Cayley digraphs of G whose automorphism group contains α. By Lemma 1.4, |Aut(G)| ≤ |Aut(Z Lemma 2.8. Let P be an abelian group of order p k . The number of Cayley digraphs of P whose automorphism group has Sylow p-subgroup P and contains a subgroup permutation isomorphic to S p × A, where A ≤ S p k−1 has an abelian Sylow p-subgroup, is at most
Proof. Assume for the moment that P = Z p × P 1 , where P 1 is an abelian group of order p k−1 . Let a ∈ Z * p be of order p − 1 and α :
. Then α ∈ Aut(P ) and α ∈ S p × A. We conclude that if Γ is a Cayley digraph of P with connection set S such that Aut(Γ) ≥ S p × A, then S is a union of orbits of α. As α has 2p k−1 orbits, there are at most 2
Cayley digraphs of P whose automorphism group contains S p ×A, where A ≤ S p k−1 has an abelian Sylow p-subgroup. Now let Γ be a Cayley digraph of P whose automorphism group contains a subgroup permutation isomorphic to
. As P is a Sylow psubgroup of Aut(Γ), we have by [2, Lemma 3.1] and a Sylow Theorem that there exists β ∈ Aut(P ) such that
Thus if Γ is a Cayley digraph of P whose automorphism group contains a subgroup permutation isomorphic to S p × A, then Γ is the image under a group automorphism of P of a Cayley digraph of P whose automorphism group contains S p × A.
As there are at most 2
Cayley digraphs of P whose automorphism group contains
Cayley digraphs of P whose automorphism group contains a subgroup permutation isomorphic to S p × A. The result then follows by Lemma 1.4. Theorem 2.9. Let G be an abelian group of prime-power order p k . Then almost every Cayley digraph of G that is not a DRR is a normal Cayley digraph of G. In particular,
Proof. Choose p so that p ≥ 2 k−1 . Then, according to Lemma 2.6, if Γ is a non-normal Cayley digraph of G, then either G L is not a Sylow p-subgroup of Aut(Γ), or Aut(Γ) contains a subgroup isomorphic to S p × A, where A ≤ S p k−1 has an abelian Sylow psubgroup. Let ι ∈ Aut(G) be given by ι(i, j) = (−i, −j). Note that ι has 1 orbit of size 1 and (p k − 1)/2 orbits of size 2. Thus ι has (p k + 1)/2 orbits. As ι ∈ Aut(G) and fixes (0, 0), if Γ is a Cayley digraph of G with connection set S, then ι ∈ Aut(Γ) if and only if ι(S) = S. Thus ι ∈ Aut(Γ) if and only if S is a union of orbits of ι. We conclude that there are at least 2
Cayley digraphs of P whose automorphism group is permutation isomorphic to S p × A. As by Lemma 2.7 there are at most |Aut(Z
Cayley digraphs Γ of G such that G L is not a Sylow psubgroup of G, we conclude by Lemma 2.6 that there are at most
Cayley digraphs of G that are not normal Cayley digraphs of G. Then
by Lemma 1.5.
We remark that the above argument also shows that almost every Cayley graph of an abelian group of prime-power order is a normal Cayley graph of G. Indeed, if there are at most
Cayley digraphs of G that are not normal Cayley digraphs of G, there are at most the same number of Cayley graphs of G that are not normal Cayley graphs of G. Also, 2
the number of Cayley graphs of G, and so
Almost all Cayley graphs have automorphism group as small as possible
We begin with a technical result which will allow us to determine an upper bound on the number of Cayley graphs of abelian groups of prime-power order whose automorphism groups are not as small as possible.
Lemma 3.1. Let G be an abelian group of odd prime-power order p k , p a prime, and β ∈ Aut(G) be given by β(i) = −i. Let α ∈ Aut(G) such that α = β. Then α, β has at most 1 + p k−1 /2 + p k /4 orbits. If |α| = r is relatively prime to 2, then α, β has at most
orbits, where r is the smallest divisor of r greater than one.
Proof. First observe that β has exactly one orbit of one element, and (p k − 1)/2 orbits of size 2. Additionally, α commutes with β, as, writing the group operation multiplicatively,
We conclude that every orbit of α, β has order dividing | α, β | which divides |α| · |β|. Clearly α, β has only one orbit of size 1 as β only has one orbit of size 1. Let O be a nontrivial orbit of α, β . Then β| O has order 2, and so |O| = 2, or | α, β | O | ≥ 4. If |O| = 2, then α| O ∈ β | O . Thus every element of O is a fixed point of α or for every i ∈ O, α(i) = β(i). Thus every element of O is either a fixed point of α or a fixed point of αβ −1 . As the set of fixed points of an automorphism of G forms a subgroup of G, each of α and αβ −1 has at most p k−1 fixed points, and so there are at most 2p k−1 elements of G that are contained in orbits of α, β of order 2 (actually, there are fewer, as the identity in G is counted among these 2p k−1 points as it is a fixed point of both β and αβ −1 ). There are thus at most p k − 2p k−1 elements in G that are contained in orbits of size at least 4. Then G has at most 1 + 2p
orbits. As |α| = r = 2, as above, α, β has one orbit of size one. Also, α has at most p k−1 fixed points, and so there are at most p k−1 /2 orbits of size 2. By arguments analogous to those above, every other point is contained in orbits of size 2r > 1, where r is a divisor of r. Thus if r is the smallest divisor of r greater than one, then there are at most (p k − p k−1 )/(2r ) such orbits. As |α| = r = 2, α has at most
We remark that if r = p in the previous result, then 1
Definition 3.2. Let G be an abelian group that is not an elementary abelian 2-group. We define Small(G) to be the set of all Cayley graphs Γ of G such that |Aut(Γ)| = 2 · |G|. That is, Small(G) is the set of all Cayley graphs of G whose automorphism groups are as small as possible.
Theorem 3.3. Let G be an abelian group of prime-power order. Then almost every Cayley graph of G has automorphism group of order 2 · |G|. More specifically,
Proof. Let Γ be a Cayley graph of G, where G is an abelian group of prime-power order p k , p ≥ 3 a prime. As Γ is a graph, the map β ∈ Aut(G) given by β(i) = −i is contained in Aut(Γ). As |β| = 2 and has exactly one fixed point, there are (p k + 1)/2 orbits of β and so there are 2
we have that Aut(Γ) contains an automorphism α = β. If a Sylow p-subgroup of Aut(Γ) has order p k , then by Lemma 2.6, we have that either
In the latter case, by Lemma 3.1, α, β has at most 1 + p k−1 /2 + p k /4 orbits. As α, β ≤ Aut(G), α, β ≤ Aut(Γ) if and only if the connection set of Γ is a union of orbits of α, β . We conclude that there are at most 2 
The following lemma will allow us to find a lower bound on the number of Cayley graphs of G that are not in Small(G). Theorem 3.5. Let G be an abelian group of prime-power order p k . Then almost every Cayley graph of G whose automorphism group is not of order 2 · |G| is a normal Cayley graph of G. In particular, 
Cayley graphs of G whose automorphism group does not contain a regular Sylow p-subgroup. By Lemma 2.6, any Cayley graph of G whose automorphism group has G L as a Sylow p-subgroup and is not a normal Cayley graph of G must have automorphism group containing a normal subgroup permutation isomorphic to S p × A, where A ≤ S p k−1 has an abelian Sylow p-subgroup. By Lemma 2.8, there are at most |Aut(Z
such Cayley graphs of G. We then have that
by Lemma 1.5. Thus the result follows unless G is cyclic. If G is cyclic, then first note that the result follows if k = 1, as then either Aut(Γ) < AGL(1, p) or Aut(Γ) = S p by [1] , and so there are only two non-normal Cayley graphs of the abelian group of prime order, namely K p or its complement. For k ≥ 2, observe that by Lemma 2.6, a Cayley graph Γ of G is either normal or has a Sylow p-subgroup that is not regular, as it is not possible for Aut(Γ) to contain a subgroup of the form S p × A as S p × A does not have a regular cyclic subgroup, A ≤ S p k−1 with a regular Sylow p-subgroup. If a Sylow p-subgroup of Aut(Γ) is not (Z p k ) L , then as usual there exists α ∈ Aut(Z p k ) such that α has order p and is contained in Aut(Γ). As we may assume that p = 2, Aut(Z p k ) = Z * p k is cyclic, and so Aut(Z p k ) contains a unique element α of order p. It is straightforward to verify that α(x) = (1 + p k−1 )x, and that α has p k−1 orbits of order 1, and (p k − p k−1 )/p orbits of size p. As ι : Z p k → Z p k given by ι(x) = −x is contained in Aut(Z p k ) and Aut(Γ), ι has one orbit of size 1 and (p k − 1)/2 orbits of size 2, and Z * p k is cyclic, we have that ια has one orbit of size 1, (p k−1 − 1)/2 orbits of size 2, and (p k − p k−1 )/2p orbits of size 2p. Then ια has p k−1 + (1 − p k−2 )/2 orbits, and so there are at most 2
Cayley graphs of Z p k whose automorphism group contains β, and so there are at least 2
Problems
Conjecture 4.1. Almost every Cayley (di)graph whose automorphism group is not as small as possible is a normal Cayley (di)graph.
It is difficult to determine the automorphism group of a (di)graph, so the main way to obtain examples of vertex-transitive graphs is to construct them. An obvious construction is that of a Cayley (di)graph, and the conjecture of Imrich, Lovász, Babai, and Godsil says that when performing this construction, additional automorphism are almost never obtained. The obvious way of constructing a Cayley (di)graph of G that does not have automorphism group as small as possible is to choose an automorphism α of G and make the connection set a union of orbits of α. The above conjecture in some sense says that this construction almost never yields additional automorphisms other than the ones given by the construction.
There are two additional families of (di)graphs that can be considered, namely "semiwreath products" and "deleted wreath products" -such graphs are not normal Cayley graphs provided p = 2. Before turning to these families, we define the wreath product of two digraphs. Definition 4.2. Let Γ 1 and Γ 2 be digraphs. Define the wreath product of Γ 1 and Γ 2 , denoted Γ 1 Γ 2 , to be the graph with vertex set V (Γ 1 )×V (Γ 2 ) and edges set {(g, h 1 )(g, h 2 ) :
If Γ is a Cayley digraph of an abelian group with connection set S, and Γ = Γ 1 Γ 2 , where Γ 1 is a Cayley digraph of an abelian group G 1 and Γ 2 is a Cayley digraph of an abelian group G 2 , then S − G 2 is a union of cosets of G 2 . Definition 4.3. A Cayley graph Γ of an abelian group G is a semiwreath product if there exist subgroups H ≤ K < G such that S − K is a union of cosets of H. We say that the semiwreath product is trivial if H = 1.
Thus if H = K, a semiwreath product is in fact a wreath product. One other comment is in order about semiwreath products. That is, it is unclear what the operands of a semiwreath product are (i.e. as defined it is not really a product). The term is used though, as many researchers refer to such graphs in this way (even if only speaking informally) as they are in some sense "almost" wreath products. We remark that the above definition of a semiwreath product may not be the best possible choice to capture the idea behind "semiwreath" digraphs, as the classes of semiwreath digraphs and deleted wreath products, as defined, are not disjoint. For example, the complete graph is contained in both classes, and there are other, more complicated examples that are also in both classes.
As is somewhat standard, we will refer to a Cayley (di)graph of a cyclic group of order n as a circulant (di)graph of order n. Baik, Feng, Song, and Xu made the following conjecture in 1998 [6] : Conjecture 4.5. All connected circulant graphs of order n are normal except for a complete graph, a wreath product of two smaller graphs, or a deleted wreath product.
It is easy to see that this conjecture is not strictly true. Let C q be a cycle of prime length q and K p a complete graph of prime order p = q. Then Γ = C q K p − pC q is a deleted wreath product. Using [20] or the somewhat more accessible [9, Theorem 3.1] , it is not difficult to see that Aut(Γ) = D q × S p , where D q is the dihedral group of order 2q. But thenΓ, the complement of Γ, is neither a wreath product, nor a deleted wreath product, but if p ≥ 5 thenΓ is not a normal circulant graph and is certainly connected. This is not, though, a serious defect in the conjecture, as if all of the above conjectured automorphism groups were written down, Aut(Γ) = Aut(Γ) would certainly be on the list. A more serious defect of the above conjecture is the following example. Example 4.6. Let p be an odd prime and Γ the Cayley digraph of Z p 3 with connection set S = {±p, ±1, ±1 + p 2 , ±1 + 2p 2 , . . . , ±1 + (p − 1)p 2 }. Then Γ is a semiwreath circulant graph and is not isomorphic to a wreath product of two nontrivial graphs.
Proof. Clearly Γ is a semiwreath circulant graph with K the unique subgroup of Z p 3 of order p 2 , that is, K = p , and H the unique subgroup of Z p 3 of order p, that is H = p 2 . We show that Γ is not isomorphic to a wreath product of two nontrivial graphs by showing that Aut(Γ) = ι, τ, τ
and B is the complete block system of τ formed by the orbits of τ p (so the orbits of τ are just the cosets of K). Then Aut(Γ) cannot be written as a nontrivial wreath product of two groups, and so by [12 (and so consists of p 2 blocks of size p), then the quotient graph Γ/C defined by V (Γ/C) = C and C 1 C 2 ∈ E(Γ/C) if and only if some vertex of C 1 is adjacent to some vertex of C 2 is isomorphic to the circulant graph of order p 2 with connection set T = {±p, ±1}. Using [13, Theorem 15] , it is easy to verify that Γ/C is a normal circulant graph of order p 2 , and so Aut(Γ)/C contains a normal regular cyclic subgroup. We conclude in this case that Aut(Γ) admits a complete block system consisting of p blocks of size p 2 , necessarily formed by the orbits of τ p . It thus suffices to only consider the case where C = B. We believe that the two types of counterexamples to the Conjecture 4.5 are the only possible counterexamples for Cayley (di)graphs of abelian groups. We make the following conjecture, which would be quite useful in verifying Conjecture 4.1.
Conjecture 4.7. Let Γ be a Cayley (di)graph of an abelian group G. Then one of the following is true:
• Γ is a normal Cayley (di)graph of G,
• Γ is a semiwreath product, or
• the automorphism group of Γ is same as the automorphism group of a deleted wreath product.
It it not overly difficult to show using [23, Theorem 2.3] (this result is basically a translation of work done on Schur rings [14, 21, 22] into the language of group theory, and this result was independently obtained in [11] for the special case of circulants of square-free order) that the preceding conjecture is true provided that G is cyclic, and so the two types of counterexamples to Conjecture 4.5 presented above are indeed the only possible types of counterexamples provided that G is cyclic. We remark that the preceding conjecture is known to be false for some nonabelian groups, as for some such groups it is possible for a Cayley (di)graph to have an almost simple simply primitive automorphism group (see [24] ).
Finally, we would like to finish with an additional problem.
Problem 4.8. For an abelian group G, does there exist a natural collection F of families of Cayley (di)graphs of G and a partial order on F such that every Cayley (di)graph of G is contained in some element of F and if F 1 F 2 and there is no F 3 such that F 1 F 3 F 2 , then almost every Cayley (di)graph of G that is not in F 1 is in F 2 ?
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